Constructing Certain Special Analytic Galois Extensions by Ray, Anwesh
ar
X
iv
:1
81
2.
02
79
7v
2 
 [m
ath
.N
T]
  1
1 J
ul 
20
19
CONSTRUCTING CERTAIN SPECIAL ANALYTIC GALOIS EXTENSIONS
ANWESH RAY
Abstract. For every prime p ≥ 5 for which a certain condition on the class group Cl(Q(µp))
is satisfied, we construct a p-adic analytic Galois extension of the infinite cyclotomic extension
Q(µp∞)with some special ramification properties. In greater detail, this extension is unram-
ified at primes above p and tamely ramified above finitely many rational primes and its Galois
group over Q(µp∞) is isomorphic to a finite index subgroup of SL2(Zp) which contains the
principal congruence subgroup. For the primes 107, 139, 271 and 379 such extensions were
first constructed by Ohtani and Blondeau. The strategy for producing these special extensions
at an abundant number of primes is through lifting two-dimensional reducible Galois repre-
sentations which are diagonal when restricted to p.
1. Introduction
Let p be a prime number, the tame Fontaine-Mazur conjecture (conjecture 5a in [2]) posits
that an infinite Galois extension of a number field whose Galois group overQ is isomorphic to
a p-adic analytic group is either ramified at infinitely many primes or is infinitely ramified at a
prime dividing p. It is natural to ask if such extensions exist once we pass up an infinite cyclo-
tomic extensionQ(µp∞). We show that there are abundantly many primes p for which there
exists such an extension of Q(µp∞) whose Galois group is isomorphic to a finite index sub-
group of SL2(Zp)with tame ramification above finitely many rational primes and unramified
at primes above p.
Let p ≥ 5 be a prime and ζp = e
2pii
p . Denote by H ′Q(µp) the p-Hilbert Class field ofQ(µp),
we identify Gal(H ′
Q(µp)
/Q(µp)) with the p-part of the class group Cl(Q(µp)).
We associate a Galois representation to class group data. Denote by
C := Cl(Q(µp))⊗ Fp
and χ¯ the mod p cyclotomic character. The Galois module C decomposes into isotypic com-
ponents
C =
p−2⊕
i=0
C(χ¯i),
where
(1.1) C(χ¯i) = {x ∈ C | g · x = χ¯i(g)x for all g ∈ Gal(Q(µp)/Q)}.
By class field theory Fp-line in C(χ¯i) gives rise to an extension L/Q contained in the p-
Hilbert Class fieldH ′
Q(µp)
. Since such a line is Galois stable, the extension L is Galois overQ.
Any choice of isomorphism Gal(L/Q(µp))
∼
−→ Fp gives rise to an element
β ∈ H1
(
GQ,Fp(χ¯
i)
)
≃ Hom
(
GQ(µp),Fp(χ¯
i)
)Gal(Q(µp)/Q)
.
This class does not depend on the choice of isomorphism. The class β coincides with a re-
ducible Galois representation
ρ¯ : GQ → GL2(Fp)
1
defined by ρ¯ =
(
χ¯i β
0 1
)
. The representation satisfies a number of conditions:
(1) ρ¯↾GQ(µp) is indecomposable,
(2) ρ¯↾GQ(µp) =
(
1 β
0 1
)
is unramified at every prime,
(3) the localGalois representation atp splits into a sumof characters ρ¯↾Gp ≃
(
χ¯i↾Gp 0
0 1
)
.
The extensionL 6= Q(µp) and thus the cohomology class β is non-trivial, fromwhich con-
dition 1 follows. As L is contained in the Hilbert class field ofQ(µp) every prime ofQ(µp) is
unramified inL. Condition 2 follows from this. By class field theory the principal prime-ideal
(1− ζp) is split in the Hilbert class field ofQ(µp) and thus in L. LetE denote the completion
of Q(µp) at (1 − ζp). One deduces that β↾GE ∈ H
1(GE,F(χ¯
i)) is trivial. We observe that
the order of Gal(E/Qp) is coprime to p. From a standard argument appealing to the vanish-
ing ofH1(Gal(E/Qp),F(χ¯
i)) and the inflation-restriction sequence it follows that β↾Gp = 0.
Condition 3 follows as a consequence.
For an introduction to the deformation theory of Galois representations, the reader may
consult [4]. We examine deformations of ρ¯with some prescribed local properties. In particular,
the local deformation condition at p should ensure that on passing up the infinite cyclotomic
extensionQ(µp∞), our deformations are unramified at primes p|p.
Our construction is based on that of Hamblen and Ramakrishna who in [3] deduce the weak
form of Serre’s conjecture for a reducible residual Galois representation which satisfies some
further conditions. Theirmethod is based on a local to global deformation theoretic argument.
Implicit to this construction is a choice of a local deformation condition at each prime atwhich
the residual representation is allowed to ramify. Deformations of the residual representation
are to satisfy these local conditions. In particular, at p there is a choice of a local deformation
conditionwhich satisfies some key properties, namely the deformation condition is liftable and
balanced (see Definition 3.2). Hamblen and Ramakrishna prescribe the ordinary deformation
condition (cf. [5] and [7]) and we shall on the other hand be working with the diagonal de-
formation condition (see Definition 3.1). This deformation condition is liftable and balanced
as we shall show (see Proposition 3.3). We shall then deduce be able to deduce the following
theorem.
Theorem 1.1. Let p ≥ 5 be a prime and C := Cl(Q(µp))⊗ Fp. Suppose that there exists an odd
integer i 6= p−1
2
such that 2 ≤ i ≤ p− 3 such that C(χ¯i) 6= 0. Let ρ¯ =
(
χ¯i ∗
0 1
)
be the Galois
representation associated to an Fp-line in C(χ¯i). There exist infinitely many lifts ρ of ρ¯
GQ GL2(Fp),
GL2(Zp)
ρ¯
ρ
such that the following conditions are satisfied
• ρ(GQ(µp∞ )) contains the principal congruence subgroup of SL2(Zp)
• the determinant of ρ is χi+p
2(p−1)
• ρ↾Gp is a direct sum of characters ρ↾Gp = ϕ1 ⊕ ϕ2. In particular, ρ is abelian at Ip.
• ρ is unramified outside a finite set of primes.
2
The lift ρ gives rise to an extensionQ(ρ) ofQ(µp∞) which is taken to be the fixed field of
kerρ ⊂ GQ. This extension is unramified at primes above p. Furthermore, at a prime l 6= p,
since the residual representation ρ¯ is unramified, the lift ρ is tamely ramified at all primes
l ∈ S/{p}, we are left with the following result.
Corollary 1.2. Suppose that p ≥ 5 be a prime and i 6= p−1
2
an odd integer between 2 ≤ i ≤
p− 3 for which the isotypic space C(χ¯i) 6= 0 (cf. 1.1). There are infinitely many Galois extensions
L/Q(µp∞) for which
• the Galois group Gal(L/Q(µp∞)) topologically isomorphic to a subgroup of SL2(Zp) which
contains the principal congruence subgroup.
• L is unramified at primes above p and ramified above finitely many rational primes at which
it is tamely ramified.
Proposition 1.3. The conclusion of Corollory 1.2 is satisfied at any prime p such that
(1) p ≥ 5,
(2) p is irregular,
(3) p ≡ 1 mod 4,
(4) p does not divide the class number of the totally real subfield Q(µp)
+ ⊂ Q(µp), i.e. Van-
diver’s conjecture is satisfied at p.
This seems to indicate that there are infinitely many primes at which p the implication of
Corollory 1.2 is satisfied.
Such p-adic extensions L were first constructed by Ohtani [6] and Blondeau [1] and their
methods relied on lifting suitable irreducible Galois representations which are extraordinary
at p. The construction in [6] and [1] relies on the existence of an eigenform f with companion
forms (and thus extraordinary at p) such the image of the residual representation ρ¯f contains
SL2(Fp). Computations for p < 3500 show that there are precisely four primes 107, 139, 271
and 379 for which such an eigenform f exists.
Acknowledgements. I am very grateful to my advisor Ravi Ramakrishna for introducing
me to his Galois-theoretic lifting method and for making helpful suggestions. I would also
like to thank Christian Maire for many fruitful conversations. I would also like to thank the
anonymous referee for some valuable suggestions.
2. Summary of Notation
• For all rational primes v fix a choice of an algebraic closure of Q¯v and a choice of an
embedding ιv : Q¯ →֒ Q¯v extending Q →֒ Qv . The absolute Galois group of Qv
is denoted by Gv := Gal(Q¯v/Qv). The embedding ιv coincides with an inclusion
Gv →֒ GQ.
• Let p ≥ 5 be a prime and let Cl(Q(µp)) denote the class group ofQ(µp).
• The Fp[GQ]-module C := Cl(Q(µp))⊗ Fp decomposes into a direct sum of isotypic-
components C =
⊕p−2
i=0 C(χ¯
i).
• We assume that there exists an odd integer i 6= (p−1)/2 for which 2 ≤ i ≤ p−3 and
such that the isotypic component C(χ¯i) 6= 0. The adjoint Galois module associated
with ρ¯ of Theorem 1.1 byAd0ρ¯. It consists of matrices
(
a b
c −a
)
of trace zero over
Fp on which g ∈ GQ acts via conjugation by ρ¯(g).
• Let e be the matrix e =
(
1 0
0 −1
)
. The subspace consisting of diagonal matrices is
denoted by Diag(ρ¯) := Fpe.
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• The ring of dual numbers Fp[ǫ] := Fp[T ]/(T 2) and ǫ denotes T mod T 2.
• Let CZp be the category of coefficient rings overZp. The objects of CZp consist of Noe-
therian local Zp-algebrasR with maximal idealm endowed with an isomorphism
φ : R/m
∼
−→ Fp.
A morphism of coefficient rings is a homomorphism of Zp-algebras compatible with
residual isomorphisms.
3. Lifting to Characteristic Zero
We proceed to describe the local deformation condition at pwhich will in particular ensure
that our deformations are unramified overQ(µp∞) at all primes p|p.
Definition 3.1. Let Fp : CZp → Sets be the functor of deformations of ρ¯ which consist of a
sum of two characters, we refer deformationsFp as diagonal. In greater detail,Fp(R) consists
of deformations ρR : Gp → GL2(R) of ρ¯ such that
• ρ↾Gp ≃ ϕ1 ⊕ ϕ2 where ϕ1 and ϕ2 are two characters (possibly ramified)
• det ρ = χi+p
2(p−1).
The tangent spaceNp is defined as the set of deformations of ρ¯ to the dual numbersFp(Fp[ǫ])
whichhas a natural structure of anFp vector space and is realized as a subspace ofH
1(Gp, Ad
0ρ¯).
The functor Fp is a liftable deformation condition. Observe that since Gp acts diagonally,
the 1 dimensional space Diag(ρ¯↾Gp) is a summand ofAd
0ρ¯↾Gp and
Ad0ρ¯↾Gp ≃ Fp(χ¯
i
↾Gp)⊕ Diag(ρ¯↾Gp)⊕ Fp(χ¯
−i
↾Gp
).
Definition 3.2. LetF be a deformation condition for ρ¯↾Gp with tangent spaceNF .
• The deformation condition F is liftable if for every small extension f : R → S , the
induced map f∗ : F(R)→ F(S) is surjective.
• The deformation conditionF is balanced if
dimNp = dimH
0(Gp,Ad
0ρ¯) + 1 = 2.
Proposition 3.3. The deformation condition Fp is liftable and balanced.
Proof. That Fp is liftable follows from Lemma 4.5 of [1]. We show that it is balanced, i.e. we
deduce that
dimNp = dimH
0(Gp,Ad
0ρ¯) + 1 = 2.
Explicitly, Np is the set of elements X ∈ H1(Gp, Ad0ρ¯) for which the twist ρ¯(Id + ǫX) is
diagonal, we deduce thatNp = H1(Gp,Diag(ρ¯)).
Since χ¯i↾Gp 6= 1,
dimH0(Gp, Ad
0ρ¯)
= dimH0(Gp,Fp(χ¯
i)) + dimH0(Gp,Fp) + dimH
0(Gp,Fp(χ¯
−i))
= 1.
We employ the Euler characteristic formula and local duality to compute dimNp
dimNp = dimH
1(Gp,Diag(ρ¯))
= 1 + dimH0(Gp,Diag(ρ¯)) + dimH
2(Gp,Diag(ρ¯))
= 1 + dimH0(Gp,Fp) + dimH
0(Gp,Fp(χ¯))
= dimH0(Gp, Ad
0ρ¯) + 1 = 2.

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The assumptions on ρ¯ satisfy those on the assumptions laid out on the residual representa-
tions examined in [3].
Lemma 3.4. The conditions stipulated in [3, Theorem 2] are satisfied by the representation ρ¯.
Proof. The reducible representation ρ¯ =
(
φ ∗
0 1
)
with φ = χ¯i, we recall that i 6= (p−1)/2
is odd and 2 ≤ i ≤ p− 3. We enumerate the six conditions and show that they are satisfied:
• Condition (0) is satisfied since p 6= 2.
• Condition (1) requires that ρ¯ is indecomposable (or in other words, not semi-simple),
this follows by construction as the extensionE/Q(µp) is a non-trivial extension.
• Condition (2) requires that φ2 6= 1, or equivalently, 2i 6≡ 0 mod (p − 1) which is
satisfied.
• Condition (3) requires that φ 6= χ¯±1 which follows from the assumption on i.
• Condition (4) is automatically satisfied since the field in question Fq is Fp.
• Since i is odd, ρ¯ is odd. Condition (5) requires that ρ¯ that ρ¯↾Gp is not unramified of the
form
(
1 ∗
0 1
)
(where ∗ may be trivial). The integer i is divisible by p − 1 and as a
consequence, this condition is satisfied.

In the proof of Theorem 1.1, the following Lemma is applied in deducing that the image of
a suitably constructed lift ρ of ρ¯ contains the principal congruence subgroup of SL2(Zp).
Lemma 3.5. Let p ≥ 5 be a prime, X be a closed subgroup of SL2(Zp) and let X2 be the image
ofX in SL2(Z/p
2Z). Suppose thatX2 contains the principal congruence subgroup of SL2(Z/p
2Z),
thenX contains the principal congruence subgroup of SL2(Zp).
Proof. The proof follows from that of Lemma 3 in [8, Chapter 4, Section 3.4] with very little
modification. 
Proof. (of Theorem 1.1)
This result shall follow from themain result of [3] after a singlemodification ismade to their
construction. Their method relies on the existence of a balanced liftable deformation condi-
tion at each prime at which the residual Galois representation is allowed to ramify. There are
cohomological obstructions to lifting a residual Galois representation which satisfies these
local conditions. More specifically if a certain Selmer group does vanish the local to global de-
formation theoretic construction can be applied. On adjoining some auxiliary deformation
conditions at a finite set of trivial primes (cf. Definition 12 in [3]) the associated Selmer group
can be shown to vanish (cf. Proposition 46 in [3]). Hamblen and Ramakrishna work through-
outwith the ordinary deformation condition (cf. [5] and [7]) at p. Instead, we shall prescribe the
diagonal deformation condition which is also a balanced and liftable deformation. This was
established in Proposition 3.3. The construction ofHamblen andRamakrishna does not in any
specific way utilize the ordinary deformation condition and the diagonal deformation condi-
tion may as well be used in its place since this condition is also liftable and balanced. It follows
that there are infinitely many characteristic zero deformations ρ satisfying the conditions of
the main theorem.
In greater detail, it is a consequence of Proposition 42 of [3] that
image{ρ(GQ(µp∞ ))→ SL2(Z/p
2Z)}
contains the principal congruence subgroup. It follows fromLemma 3.5 that ρ(GQ(µp∞ )) con-
tains the principal congruence subgroup in SL2(Zp). 
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Proof. (of Corollory 1.2)
Let ρ be a lift of ρ¯ satisfying the conditions of Theorem 1.2. We letL be the fixed field of ρ.
The infinite cyclotomic fieldQ(µp∞) is the fixed field of detρ = χ
i+p2(p−1). Since ρ(GQ(µp∞ ))
contains the principal congruence subgroup of SL2(Zp) we see that Gal(L/Q(µp∞)) is topo-
logically isomorphic to a subgroup of SL2(Zp) which contains the principal congruence sub-
group.
The local representation ρ↾Gp is a sum of characters ϕ1 andϕ2, we deduce that L is unram-
ified at all primes above p.
Since ρ¯↾GQ(µp) is unramified at all primes, it follows that at the primes at whichL is ramified,
Lmust be tamely ramified. 
Proof. (of Proposition 1.3)
Indeed if p is such a prime, since p is irregular, the quotient C = Cl(Q(µp))⊗ Fp 6= 0. By
assumption each even eigenspace C(χ¯2j) = 0. Thus there exists an odd integer 1 ≤ i ≤ p− 2
for which C(χ¯i) 6= 0. Since p ≡ 1 mod 4, and i is odd, we have that i 6= p−1
2
. On the other
hand, i 6= 1 since C(χ¯) = 0 (cf. Proposition 6.16 of [9]). By Herbrand’s theorem implies that p
divides the numerator of the Bernoulli numberBp−i. SinceB2 =
1
6
we deduce that i 6= p− 2
and thus lies in the range 2 ≤ i ≤ p− 3. 
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